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ABSTRACT The purpose of this paper is to characterize conditions for the convergence of the implicit 
iterative scheme to the common fixed point of two φ -hemicontractive mappings in a nonempty convex 
subset of an arbitrary Banach space. 
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INTRODUTION 
Let K  be a nonempty subset of an arbitrary Banach space 
E  and ∗E  be its dual space. The symbols ),(TD  )(TR  
and )(TF   stand for the domain, the range and the set of 
fixed points of  T  (for a single-valued map ,: XXT →  

Xx∈  is called a fixed point of T  iff xxT =)( ) .We 
denote by J  the normalized duality mapping from E  to 

∗E2  defined by 

}.==,:{=)(
22 ∗∗∗∗ ∈ fxfxEfxJ  

Let XXTDT →⊆)(:   be an operator. 
  Definition 1 [1, 4, 10, 19] 
(i) T   is said to be strongly pseudocontractive if there exists 
a  1>t   such that for each  ,x  ),(TDy∈  there exists 

)()( yxJyxj −∈−  satisfying 

.1)(, 2yx
t

yxjTyTxRe −≤−−  

(ii) T   is said to be strictly hemicontractive if  ϕ≠)(TF   
and if there exists a 1>t   such that for each  )(TDx∈   
and  ),(TFq∈   there exists )()( yxJyxj −∈−    
satisfying    

.1)(, 2qx
t

qxjqTxRe −≤−−  

(iii) T   is said to be φ -strongly pseudocontractive if there 
exists a strictly increasing function  )0,)[0,: ∞→∞φ   
with  0=(0)φ   such that for each  ,x  ),(TDy∈    there 
exists  )()( yxJyxj −∈−   satisfying  

.)()(, 2 yxyxyxyxjTyTxRe −−−−≤−− φ  

(iv) T  is said to be φ -hemicontractive if   ϕ≠)(TF   and 
if there exists a strictly increasing function  

)0,)[0,: ∞→∞φ   with  0=(0)φ   such that for each  
)(TDx∈  and ),(TFq∈  there exists  

)()( yxJyxj −∈−   satisfying  

.)()(, 2 qxqxqxqxjqTxRe −−−−≤−− φ  

 Clearly, each strictly hemicontractive operator is  φ -
hemicontractive . 
Chidume [1] established that the Mann iteration sequence 

converges strongly to the unique fixed point of T  in case 
T  is a Lipschitz strongly pseudo-contractive mapping from 
a bounded closed convex subset of pL  or(  )pl   into itself. 
Afterwards, several authors generalized this result of 
Chidume in various directions [4, 6-9, 15-16, 18-19]. 
In 2001, Xu and Ori [20] introduced the following implicit 
iteration process for a finite family of nonexpansive 
mappings { }IiTi ∈:  (here { }NI ,1,2,= K ), with { }nα  

a real sequence in (0,1) , and an initial point Kx ∈0 :  

,)(1= 111011 xTxx αα +−  

,)(1= 222122 xTxx αα +−  

M  
,)(1= 1 NNNNNN xTxx αα +− −  

,)(1= 11111 +++++ +− NNNNNN xTxx αα  

M  
which can be written in the following compact form:  

1,forall,)(1= 1 ≥+− − nxTxx nnnnnn αα  (XO) 

where )(= Nmodnn TT  (here the Nmod  function takes 

values in I ). Xu and Ori [20] proved the weak convergence 
of this process to a common fixed point of the finite family 
defined in a Hilbert space. They further remarked that it is 
yet unclear what assumptions on the mappings and/or the 
parameters { }nα  are sufficient to guarantee the strong 

convergence of the sequence { }nx . 
In [11], Oslilike proved the following results. 
 Theorem 2 Let E  be a real Banach space and K  be a 
nonempty closed convex subset of E . Let { }IiTi ∈:  be 

N  strictly pseudocontractive self-mappings of K  with 

∅≠)(=
1= i

N

i
TFF I . Let { }∞ 1=nnα  be a real sequence 

satisfying the conditions:  

.<)(1)(

,=)(1)(

1,<<0)(

2

1=

1=

∞−

∞−

∑

∑
∞

∞

n
n

n
n

n

iii

ii

i

α

α

α

 

From arbitrary Kx ∈0 , define the sequence { }nx  by the 

implicit iteration process (XO). Then { }nx  converges 
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strongly to a common fixed point of the mappings 
{ }IiTi ∈:  if and only if 0=),(inflim Fxd nn ∞→ .  

 Remark 3 One can easily see that for ,11=
2
1

n
n −α  

.=)(1 2 ∞−∑ nα  Hence the results of Osilike [11] are 
needed to be improve.  
The purpose of this paper is to characterize conditions for 
the convergence of the implicit iterative scheme to the 
common fixed point of two φ -hemicontractive mappings in 
a nonempty convex subset of an arbitrary Banach space. Our 
results extend and improve most results in recent literature 
[1-4, 6-9, 11-13, 15-16, 18-19]. 
Preliminaries 
The following results are now well known. 
  Lemma 4 [17] For all  ,x  Xy∈   and  

),()( yxJyxj +∈+  

.)(,222 yxjyRexyx ++≤+  

  Lemma 5 Let { }nθ  be a sequence of nonnegative real 

numbers, }{ nλ  be a real sequence satisfying 

.=1,0
0=

∞≤≤ ∑
∞

n
n

n λλ  

Suppose there exists a strictly increasing function 
)0,)[0,: ∞→∞φ  with 0.=(0)φ  If there exists a 

positive integer 0n  such that  

,)( 11
22

1 nnnnnnn γσθθφλθθ ++−≤ +++  

for all ,0nn ≥  with 0,≥nσ  ,Ν∈∀n  )0(= nn λσ  and 

,<
0=

∞∑
∞

n
n
γ  then 0.=lim nn θ∞→   

Main Results 
Now we prove our main results. 
 Theorem 6 Let  K   be a nonempty convex subset of an 
arbitrary Banach space  X   and let ;iT  1,2=i  be two 

uniformly continuous and  φ -hemicontractive mappings. 

Let ,}{,}{ 1=1=
∞∞
n

i
nnn βα  1,2=i  be real sequences in [0,1]  

such that 1=
2

1=
n

i
n

n
αβ +∑  and satisfying conditions (i) 

,=)(1
1=

∞−∑∞
nn

α  and (ii) 0.=)(1lim nn
α−

∞→
 

Suppose that ∞
1=}{ nnx   is the sequence generated from an 

arbitrary Kx ∈0   by  

1.,=
2

1=
1 ≥+∑− nxTxx ni

i
n

n
nnn βα  (3.1) 

Then the following conditions are equivalent: 
(a)  ∞

1=}{ nnx  converges strongly to the common fixed point 

q  of ;iT  1,2,=i  

(b)  1,2,=;=lim iqxT nin ∞→
 

(c) ;}{ 1=
∞
nni xT  1,2=i  are bounded .  

 Proof Since each ;iT  1,2=i  is φ -hemicontractive, it 

follows that )(2
1 ii TF=∩  is a singleton. Let  

}{=)(2
1 qTF ii=∩   for some  .Kq∈  

Suppose that ,=lim qxnn ∞→
 then the uniform continuity of 

;iT  1,2=i  yields that 

1,2.=;=lim iqxT nin ∞→
 

Therefore ∞
1=}{ nni xT  are bounded; 1,2=i . 

Put 

.sup=
1

2

1=
01 qxTqxM ni

nn
−+−

≥
∑  (3.2) 

It is clear that .|||| 10 Mqx ≤−  Let .|||| 11 Mqxn ≤−−  Next 

we will prove that .|||| 1Mqxn ≤−  
Consider 

qxTxqx ni
i
n

n
nnn −+− ∑− βα

2

1=
1=  

)()(=
2

1=
1 qxTqx ni

i
n

n
nn −+− ∑− βα  

qxTqx ni
i
n

n
nn −+−≤ ∑− βα

2

1=
1  

qxTM ni
i
n

n
n −+≤ ∑βα

2

1=
1  

qxTqxTqx ni
i
n

n
ni

nn
n −+⎟

⎠

⎞
⎜
⎝

⎛
−+− ∑∑

≥
βα
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0 sup=  
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−+−+−≤ ∑∑

≥
qxTqxTqx ni

i
n

n
ni

nn
n βα

2

1=1

2

1=
0 sup  

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−+−⎟

⎠

⎞
⎜
⎝

⎛
−+−≤

≥≥
∑∑ qxTqxTqx ni

n

i
n

n
ni

ni

i
n

n 1

2

1=1

2

1=

2

1=
0 supsup1 ββ

qxTqx ni
nn

−+−
≥

∑
1

2

1=
0 sup=  

.= 1M  
So, from the above discussion, we can conclude that the 
sequence 1}{ ≥− nn px  is bounded. Thus there is a constant  

0>M   satisfying 
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.<sup

}}{sup{max=

1

2
11,=

2

1

∞−

+−

≥

≥
≥

qx

qxTM

n
n

nini
n (3.3) 

By virtue of Lemma 4 and (3.1), we infer that 
22

1=
1

2 = qxTxqx ni
i
n

n
nnn −+− ∑− βα  (3.4) 

22

1=
1 )()(= qxTqx ni

i
n

n
nn −+− ∑− βα  

)(,2
2

1=

2
1

2 qxjqxTReqx nni
i
n

n
nn −−+−≤ ∑− βα  

2
2

1=

2
1

2 2 qxqx n
i
n

n
nn −+−≤ ∑− βα  

qxqx nn
i
n

n
−−− ∑ )(2

2

1=
φβ  

22
1

2 )2(1= qxqx nnnn −−+−− αα  

.)()2(1 qxqx nnn −−−− φα  
Consider  

22

1=
1

2 = qxTxqx ni
i
n

n
nnn −+− ∑− βα  (3.5) 

22

1=
1 )()(= qxTqx ni

i
n

n
nn −+− ∑− βα  

2
2

1=

2
1 qxTqx ni

i
n

n
nn −+−≤ ∑− βα  

2

1

2

1=

2
1 sup qxTqx ni

n

i
n

n
nn −+−≤

≥
− ∑βα  

}}{sup{max 2
11,=

2

1

2

1=

2
1 ≥

≥
− −+−≤ ∑ nini

n

i
n

n
nn qxTqx βα  

),(12
1 nn Mqx α−+−≤ −  

where the first inequality holds by the convexity of .. 2
 

Substituting (3.5) in (3.4), we get 
22

1
22 )(12)]2(1[ nnnnn Mqxqx ααα −+−−+≤− −

 (3.6) 
qxqx nnn −−−− )()2(1 φα  

( ) 22
1

2 )(12)(11= nnn Mqx αα −+−−+ −  

qxqx nnn −−−− )()2(1 φα  

22
1 )2)(1( nn MMqx α−++−≤ −  

qxqx nnn −−−− )()2(1 φα  

,)(

)2(1)(1= 2
1

qxqx

lqx

nn

nnnn

−−

−−−+−− φαα
 

where  
0,)2)(1(= →−+ nn MMl α  (3.7) 

as .∞→n  
Denote 

||,=|| 1 pxnn −−θ  

),2(1= nn αλ −  

.)(1= nnn lασ −  

Condition (i) assures the existence of a rank Ν∈0n  such 

that 1,)2(1= ≤− nn αλ  for all .0nn ≥  Now with the 
help of (ii), (3.7) and Lemma 5, we obtain from (3.6) that  

0,||=||lim pxn
n

−
∞→

 

completing the proof. .  
 Corrollary 7 Let  K   be a nonempty convex subset of an 
arbitrary Banach space  X   and let ;iT  1,2=i  be two 

Lipschitz and  φ -hemicontractive mappings. Let 

,}{,}{ 0=0=
∞∞
n

i
nnn βα  1,2=i  be real sequences in [0,1]  

such that 1=
2

1=
n

i
n

n

αβ +∑  and satisfying conditions (i) 

,=)(1
0=

∞−∑∞
nn

α  and (ii) 0.=)(1lim nn
α−

∞→
 

Suppose that ∞
0=}{ nnx   is the sequence generated from an 

arbitrary Kx ∈0   by  

1.,=
2

1=
1 ≥+∑− nxTxx ni

i
n

n
nnn βα  

Then the following conditions are equivalent: 
(a)  ∞

1=}{ nnx  converges strongly to the common fixed point 

q  of ;iT  1,2,=i  

(b)  1,2,=;=lim iqxT nin ∞→
 

(c) ;}{ 1=
∞
nni xT  1,2=i  are bounded .  
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